In this paper, we classify the finite p-groups all of whose non-abelian proper subgroups are generated by two elements.
Introduction
To determine a finite group G by using its subgroup structure is an important theme in the group theory. Let G be a finite p-group. If every proper subgroup of G is abelian then G is either abelian or minimal non-abelian determined by Rédei [8] . If every proper subgroup of G is generated by two elements then Blackburn [5] proved that G is either metacyclic or a 3-group of maximal class with a few exceptions. Moreover, every subgroup of a p-group of maximal class with an abelian maximal subgroup is either abelian or generated by two elements (see Theorem 2.5) . Motivated by the above results, Berkovich [1] posed the following Problem 46. Classify the p-groups all of whose proper subgroups are either abelian or generated by two elements.
The present paper is devoted to this problem and all such groups are classified. Following Berkovich and Janko [2] , for a positive integer t, a finite p-group G is called an A t -group if every subgroup of index p t is abelian, but there is at least one subgroup of index p t−1 which is not abelian. So A 1 -groups are nothing but the minimal non-abelian p-groups. All A 1 -and A 2 -groups are known (see [12] ).
We use B p to denote the class of p-groups satisfying the condition in this problem. It is obvious that abelian, metacyclic, A 1 -and A 2 -groups are in B p . Also, as mentioned above, p-groups of maximal class having an abelian maximal subgroup and 3-groups of maximal class are in B p . So, the class B p is rather wide.
We use B p to denote the class consisting of groups in B p which are neither abelian nor minimal non-abelian and let D p = {G ∈ B p | G has an abelian maximal subgroup}, M p = {G ∈ B p | G has no abelian maximal subgroup}. Then we need only classify D p -groups and M p -groups. For convenience, we also let D p (2) 
We also say G is an X -group if G is in the class X .
Let G be a finite p-group. We use c(G), d(G), and p e(G)
to denote the nilpotency class, the minimal number of generators, and the exponent of G, respectively. For any integer s with 0 s e = e(G), we define
In this paper we use We use C p m to denote the cyclic group of order p m , C n p m the direct product of n cyclic groups of order p m and M G the maximal subgroup of a group G. For undefined notation and terminology the reader is referred to Huppert [6, Kap. III].
Preliminaries
In this preliminary section we list some known results about minimal non-metacyclic groups, A 1 -groups, p-groups of maximal class and some other results due to Blackburn, and some commutator formulae. These results will be used later.
Recall that a finite group G is said to be metacyclic if there is a cyclic normal subgroup N such that G/N is also cyclic. For a classification of metacyclic p-groups, the reader is referred to [7, 11] .
A non-metacyclic group G is said to be minimal non-metacyclic if all proper subgroups of G are metacyclic. (1) G is minimal non-abelian; [8] .) Let G ∈ A 1 . Then G is one of the following groups:
Theorem 2.3. (See
(non-metacyclic).
A non-abelian p-group G of order p n is said to be of maximal class if n 3 and c(G) = n − 1. It is known that 2-groups of maximal class are dihedral, semi-dihedral and generalized quaternion, which have a cyclic maximal subgroup. [4] also see [1, Section 9, Exercise 1] .) Let G be a p-group of maximal class and of order p n . Then A non-abelian group G is said to be metabelian if G is abelian. The following commutator formulae are useful in this paper, and we will use it freely. 
Theorem 2.4. (See
(2) Let n be a positive integer. Then
Lemma 2.13. (See [9] , see also [6 
(2) Let a ∈ A, b ∈ G and n a positive integer. Then:
Proof. For (1) and (2), see [6, III, Hilfsatz 10.9] . By Lemma 2.13, there is an a ∈ A such that ) and hence |G | = p c−1 , |G| = p m+c . 
The classification of D p (2)-groups
By induction on c, we may assume that for 3 i c − 1, (2) . Then c 3, m 2 and
Lemma 3.2. Let G, A, m, c be the same as in Lemma
3.1. Assume that G ∈ D p(1) If M is a non-abelian subgroup of G with |G : M| = p t . Then t c − 2, Z(M) = Z(G) and M = G t+2 , M 3 = G t+3 , . . . , M c−t = G c .
In particular, c(M) = c − t; (2) M is minimal non-abelian if and only if
|G : M| = p c−2 ; (3) All subgroups of G of index p c−1 are abelian; (4) For any b ∈ G\A, Z(G) = b p , G c and o(bG ) = o(bG c ) = p m . There is some a 1 ∈ A\Φ(G) such that o(a 1 G ) = p. Moreover, G
/G has type invariants (p m , p) and A/G has type invariants (p m−1 , p).
Proof. Since D p (2)-groups are neither minimal non-abelian nor of maximal class, we have c(G) 3 and m 2.
(1) The case t = 0 is trivial. So we assume below that M is a proper subgroup of G.
It follows that M = K and t = 1. Then we are done. So we may assume that c 4 below. Hence K ∈ D p (2) . Since |K :
It follows that t c − 2 and Z(M) = Z(G)
. (2)- (3) are immediate consequences of (1).
Theorem 3.3. G ∈ D p (2) if and only if G/G has type invariants (p m , p) where m 2, c(G) 3 and G has an abelian maximal subgroup A such that A/G has type invariants (p m−1 , p).
Proof. We only need to prove the "if" part. 
The following corollary give a characterization of D p (2)-groups.
Corollary 3.4. G ∈ D p (2) if and only if d(G) = 2, c(G) 3, Φ(G)/G is cyclic and G has an abelian maximal subgroup A such that A/G is not cyclic.
The next examples show that the conditions for G/G and A/G in Theorem 3.3 are indispensable. 
by Lemma 2.14, we have a (
By Lemma 2.14 and (e), (ba To prove that (2) . Then . Similar argument gives (1) and (2)(ii)-(iii).
Next, assume c > p. By Theorem 3.6(e)-(f) again, we have that for any i 2, o(a i ) = po(a i+p−1 ), and that for i p, a i is a pth power of some element in A 1 and hence a i ∈ Φ(A 1 ).
and it is easy to check that o(a
Finally, to prove a c = a , t 2 , . . . , t (c−1,p−1) , where t 1 , t 2 , . . . , t (c−1,p−1 
The classification of D p (3)-groups
Note that a D p (3)-group G has a non-abelian maximal subgroup since G is not minimal non-abelian. 
(3) that Z(M) Φ(M). Since d(G) = 3, Φ(M) = Φ(G). Since Z(M) Φ(M) = Φ(G) A and G = AM, Z(M) Z(G)
Case 2: By Lemma 3.
Conversely, assume that G ∈ A 2 and d(G) = 3. Then every non-abelian subgroup of G is maximal and hence is minimal non-abelian, which can be generated by two elements. Thus G ∈ D p (3). 2
The classification of M p -groups
Since all groups of order p 4 have an abelian maximal subgroup, M p -groups have order at least p 5 . Let M p = {G ∈ M p | G is neither metacyclic nor 3-group of maximal class}. Then we only need to classify M p -groups. 
Since all subgroups of G of order 2 n−1 and 2 n have two generators, Theorem 2.10 gives that G is metacyclic, which is a contradiction.
(2) If |G| = 2 5 , since G has no abelian maximal subgroup, Lemma 2.1 gives that G has a nonmetacyclic maximal subgroup, say M. By the classification of groups of order 2 4 , M is minimal non-abelian and we may let
Its subgroup A = a 2 , b, c is abelian and of index 4 in G, and d(A) = 3. If |G| 2 6 and G has no abelian subgroup A such that |G : A| = 4 and d(A) 3, since all subgroups of order 2 n−1 and 2 n−2 have two generators, Theorem 2.10 gives that G is metacyclic, which is a contradiction. Then G ∈ A 2 , d(G) = 2, c(G) = 3 , and G is one of the following groups:
, g denotes the smallest positive integer which is a primitive root (mod p);
Proof. It follows from Theorem 5.2 that p is odd. Then Theorem 2. (2) If G is not abelian, then d(G ) = 2, contradicting Theorem 2.11. Other conclusions follow from Theorem 2.9.
(3) Since G/G 3 = G/0 1 (G) has exponent p and is of order p 3 , K/G 3 is elementary abelian and of order p 2 . It follows that
Since K is not of maximal class by (1) and G is an abelian maximal subgroup of K, K ∈ A 1 or K ∈ D p (2) .
(4) Otherwise, let K 1 , K 2 be two distinct minimal non-abelian maximal subgroups of G. Then [a, b, b] gives that |G 3 | p 2 and hence |G| p 5 , contradicting |G| p 6 . (p m , p) . Let G = G/K . Then |G| = p m+2 and G has an abelian maximal subgroup K/K . Since |G/G | = p 2 , Theorem 2.5 (1) gives that G is of maximal class. Since Since G is metabelian, 1 = [c, b, a] = [c, a, b] , implying G is one group of type (1) .
Conversely, if G is one group of type (1) (2) and hence G ∈ M p .
LetG be such a group with parameters (m,ñ). Using the similar method as in the proof of Theorem 3.9, we can getG ∼ = G if and only if (m − 1) 2 
. So there are p non-isomorphic groups depending only on the value of (m − 1) 2 
Theorem 5.6. Suppose that G ∈ M 3 and G has no minimal non-abelian maximal subgroup. Then G is one of following non-isomorphic groups (where the trivial commutators are omitted): As an immediate consequence of the above theorem, the number of non-isomorphic groups in Theorem 5.7 is 6 if n is odd, or 4 if n is even. 
